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tip plasticity in the wake of an advanced crack requires the determination of retardation parameter for the 
effective plastic zone (Cpi) and stress intensity factor change (¨K) from load history using cycle-by-cycle 
approach. The first step in the analysis was aimed to find plastic zone required to take into account the delay 
effect of overloads. This was followed by the determination of Wheeler retardation parameter by taking 
Wheeler exponent (mw) into account. The next step in the analysis was to curve fit experimental data [4] 
obtained from literature, in to the MWM for a specimen after analyzing the various conditions and assumptions 
as seen in Fig.1. The study was further extended to formulate codes in FORTRAN (R) and MATLAB (R) for the 
application of CCM .This was aimed to develop three approaches namely: (i) Residual Stress Intensity Factor 
(RSIF) Method, (ii) Threshold Stress Intensity Factor (TSIR) Method and (iii) Effective Stress Ratio (ESR) 
Method, for the determination of opening stresses for the advancing crack. After applying the loading 
conditions and computing the effective stress intensity factor change ¨Keff , the design life assessment for the 
structural components subjected to various fatigue loadings was predicted. 
2. Modelling issues  
The present investigation is based on LEFM principles and application of models such as Modefied Wheeler 
Model (MWM) and Crack Closure Model (CCM). 
2.1. Modified Wheeler Model  
The maximum stress during the overload cycle is given by ımax,OL = (ımax,CAL) (OLR), where ımax,CAL is 
maximum stress during constant amplitude loading and OLR is Overload Ratio.The Overload OL = ımaxCALx 
(OLR –( 1+R)/2), where ımean, CAL is given by  ımax, CAL x (1+R)/ 2. Combining the above relations, the following 
expressions for the minimum load corresponding to the compressive underload, ımin,UL is derived 
ߪ௠௜௡ǡ௎௅ ൌ ߪ௠௔௫ǡ஼஺௅ ቂቀ
ଵାோ
ଶ ቁ െ
ଵ
ை௅Ȁ௎௅ ൬ܱܮܴ െ ቀ
ଵାோ
ଶ ቁ൰ቃ.  
Rearranging the above equations, the following expressions for compressive underload, UL is obtained. 
 ܷܮ ൌ ቂఙ೘ೌೣǡ಴ಲಽை௅Ȁ௎௅ ൬ܱܮܴ െ ቀ
ଵାோ
ଶ ቁ൰ቃ. 
The crack growth decreases due to the reason that the plastic zone size created by the tensile overload is 
significantly reduced by the compressive overload. In order to facilitate the inclusion of compressive loading 
effects into the Wheeler retardation Model, some modifications have been proposed. It is known that the 
Wheeler’s original retardation parameter Cp was based on the premise that the crack growth retardation should 
cease when the boundary of the current plastic zone has extended to or beyond the outermost boundary of any 
previous tensile overload. Plastic zone size is calculated by using equation; 
 ݎ௣ ൌ
ଵ
௖భ௖మగ
ൈ ൤ ఒఙ೤൨ where c1 = c2 =1, Ȝ=ǻKmax 
 for tensile overloads and c1 =1, c2=4, Ȝ=ǻKUL for compressive overloads.c1 is a factor accounting for state 
of stress at crack tip, Kmax is maximum SIF and ıy is the material yield stress. ǻKUL = K* - Kmin, UL , K* is 
minimum of  (KminCAL, Kth), Kmin,CAL is stress intensity factor (SIF) corresponding to minimum Constant 
amplitude load (CAL) and Kth is the  threshold SIF. Rearranging the equations in a manner similar to the 
Wheeler’s original retardation parameters, the following relationship is obtained 
 ܥ௣௜ ൌ ൤
௥೐೑೑ǡ೔
௔ೀಽା௥೐೑೑ǡೀಽି௔೔
൨
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where ai is the current crack length corresponding to the ith cycle, rpi is the current plastic zone size 
corresponding to the ith cycle, rcpi is current compressive plastic zone corresponding to the ith cycle, aOL is the 
crack length at which overload is applied, rPOL is the  plastic zone size due to tensile overload and rCPUL is the 
compressive plastic zone size  due to compressive underload. ai + (ri – rcpi) < aOL + (rPOL – rCPUL), Cpi= 1 when 
ai + (ri – rcpi )  aOL + (rPOL – rCPUL) where reff OL = rPOL- rCPUL and m1 is the  shaping exponent. Improved 
Wheeler Residual Model has been updated to incorporate the sequence effects under tensile-compressive 
overloading.  
2.2. Crack Closure model  
The crack closure models account for the occurrence of plasticity induced crack closure-Elber Mechanism 
[5]. The value of Opening Stress, ıop in each cycle of the stress history is predicted. The current value depends 
on the proceeding fatigue crack growth rate FCGR and corresponding plastic value fields of the fatigue crack. 
A cycle-by-cycle variation of ıop must be predicted. The effective stress range in a cycle is ǻıeff = ımax - ıop., 
ımax  is the Maximum Stress. The corresponding Effective Stress Intensity Factor range ǻKeff at cycle i becomes 
 οܭ௘௙௙ǡ௜ ൌ ߚ௜οߪ௘௙௙ǡ௜ξߨܽ௜   
with ȕi as the geometry correction factor depending on the momentary crack length ai. The predicted crack 
extension in the cycle is 
 οܽ௜ ൌ ቀ
ௗ௔
ௗ௡ቁ௜ ൌ ݂൫οܭ௘௙௙ǡ௜൯ .  
If the Paris relation is valid, the equation becomes for one cycle ǻai = c (ǻKeff, i)m Crack growth then follows 
from the summation of ǻai according to equation 
 ܽ ௡ ൌ ܽ௢ ൅ σ οܽ௜௜ୀ௡௜ୀଵ  . 
The main problem about the crack closure models is how the variation of ıop for a variable amplitude load 
(VAL) history is predicted. In the present investigation the following approaches for the calculation of opening 
stresses are used. 
• RSIF-Method An approach may be formulated based on the concept of a ‘residual stress intensity factor’. 
In the presence of a closure after unloading, a compressive stress state exists along part of the crack faces. 
This residual stress can be used to calculate a negative residual stress intensity factor using weight function 
technique [6-7]. A negative residual stress intensity factor does not, of course, make any physical sense of 
its own, but by employing a superposition argument it may be equated to the nominal opening stress 
intensity factor, Kop needed to overcome the residual stress field along the crack faces and open the crack to 
the tip. Since only elastic deformation takes place between the minimum load and crack opening, the 
opening stress, ıop, can be calculated using superposition of residual and applied stress intensity factors as 
follows 
ߪ௢௣ ൌ
௄ೝ೐ೞାఙ೘೔೙ξగ௔
ξగ௔   
Where Residual Stress Intensity factor, Kres calculated from the residual stress distribution, ı(x) using the weight 
function 
 ܭ௥௘௦ ൌ ׬ ߪሺݔሻ ൈ
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଴ ݀ݔ. 
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On the plane of an uncracked configuration if we introduce a crack while maintaining the far-field traction 
by invoking the principle of superposition we can replace the boundary traction with a crack face stress ı(x) 
and obtain the same Kres. In other words the far- field transition ı(x) and crack face stress of ı(x)  results in 
the same Kres while ı(x)  is the normal stress across the plane in absence of crack.  
• TSIR- Method For a given threshold stress intensity range, ǻKth, the maximum and minimum values of the 
applied stress amplitude, ıthmax and ıthmin, respectively, which just cause the crack to propagate, can be 
calculated by noting that ıthmin = R ıthmax     where R is the loading ratio, and by using  ǻKth = Y (ıthmax - 
ıthminξߨܽ) .Y is defined as the collective geometry term and is equal to 1.12 for a sharp surface crack. ǻKth 
is obtained from the experimentally determined R-curve of Tabernig and Pippon [8] for a given R-ratio and 
Crack extension, ǻa. Once ıthmax has been calculated, the crack opening stress for this threshold stress 
amplitude ıthopen, can then be calculated from the effective threshold for crack propagation, ǻKth, eff,  as 
discussed in Bruzzi and Mchugh [9] and given by: ǻKth, eff = 1.12 (ıthmax - ıthopen)ξߨܽ For a given crack 
extension ǻa, the effective stress range ratio, U, is defined by  
ܷ ൌ ο௄೐೑೑ο௄ ൌ
οఙ೐೑೑
οఙ ൌ
ఙ೘ೌೣିఙ೚೛೐೙
ఙ೘ೌೣିఙ೘೔೙
. 
Since it was assumed that the R-curve was independent of the initial crack size [8], it may also be assumed 
that U is independent of the stress amplitude applied and so ıop can then be calculated for a nominally 
applied stress amplitude, ǻı = ımax – ımin, using the threshold data and using the ratio 
ఙ೘ೌೣିఙ೚೛೐೙
ఙ೘ೌೣିఙ೘೔೙
ൌ ఙ೟೓
೘ೌೣିఙ೟೓
೚೛೐೙
ఙ೟೓೘ೌೣିఙ೟೓೘೔೙
 .   
In order to estimate the R-curve for any given Rpeak, it is necessary to calibrate each material so that, an 
empirical expression could be found, expressing the crack opening stress, ıop  in terms of R. The empirical 
expression of  Heitmann et al [10] is chosen as the most appropriate method. 
• ESR-Method The effective stress intensity factor U = ǻKeff / ǻK is the percentage of the K-range (or ǻı-
range) during which the crack tip is open. Elber’s crack closure measurements on an Al-alloy (2024-T3) 
specimens indicated that the ratio U depends on the stress ratio R. Elber has used R-values in the range of 
0.1 to 0.7 and the test results are described by a simple equation. ǻKeff = (0.5 + 0.4R) ǻK .This equation is a 
fit to empirical data obtained. The tests carried out with R-values between 0.1 and 0.7. Extrapolation outside 
this range is not necessarily justified. 
ߪ௢௣
ߪ௠௔௫
ൌ
ߪ௠௔௫ െ οߪ௘௙௙
ߪ௠௔௫
ൌ ͳ െ ܷ οߪߪ௠௔௫
ൌ
ͳ െ ܷሺߪ௠௔௫ െ ߪ௢௣௘௡ሻ
ߪ௠௔௫
ൌ ͳ െ ܷሺͳ െ ܴሻ 
3. Material and specimen  
The materials used in present investigation include (i)  350 WT Steel (ii) 6061-T6-Al-Alloy (iii) 7075-T6 Al 
Alloy. The other specifications have been provided in Table 1.
4. Results, discussion and conclusion 
350 WT Steel The results of Rushton and Taheri’s data [4] for steel are shown in Fig.1. An overload at a 
crack length of 30 mm diverts the curve to the right from the curve obtained by cycle-by-cycle integration 
when no single overload (SOL) is applied and this way the number of cycles to failure is increased by a factor 
of 1.26 on average, as shown in Table 2. The value of crack extension ǻa has been assumed as 2.5 mm. for 
various extensions of crack, a comparison of values for the number of cycles to failure is provided in Table 3. 
The critical examination of the results in Table 3 indicates that for a particular value of extension of the crack 
the number of cycles to failure is a minimum. Any other value of crack extension leads to a higher value of the 
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number of cycles to failure. This has been referred to as the optimal value of crack tension. The number of 
cycles to failure has also been obtained on the basis of cycle-by-cycle method of crack extension. The effect of 
an increase in stress range ǻı on life assessment is given in Table 4. As the value of ǻı increases, the fatigue 
cracks grow faster. Table 4 also shows the effect of stress range ǻı on the number of cycles to failure which 
has been obtained for the optimal value of crack extension. The results pertaining to the effect of crack length 
at which overload is applied, is for the same final length of the crack and the same stress range ǻı. It is 
observed that when the flaw size at which OL is applied is doubled the life of the components is reduced by 
14.04% and when the flaw size at which OL is applied is decreased by 20% the life enhancement is 40.25%. NP 
is the previously obtained number of cycles, Nc is the current number of cycles, NR is the reference number of 
cycles and e is a dimensionless ratio.  
 
Table 1. Physical specifications of the specimen. 
Material 350  
WT steel 
6061-T6 
Al- alloy 
7075-T7351 
Al- Alloy 
 Stress Ratio 0.1 0.1 0.85 
Plate dimension 300 x 100 mm 180 x50 mm 180 x50 mm 
Thickness 5 mm 3 mm 3 mm 
Initial crack 
length 
20 mm 6 mm 1.5 mm 
Geometry Center Edge 
Crack 
Single Edge 
notch Crack 
Center Edge Crack 
Overload Ratio 1.2          --- 1.0 
OL/UL 0.5          --- --- 
Yield Strength 350 MPa 276 M Pa 503 M Pa 
Maximum stress 114 MPa 200 M Pa 200 M Pa 
Minimum stress 11.4 MPa 20 M Pa 170 M Pa 
Crack growth 
equation 
Paris Walker Paris 
C 1.02 e -8 1.64 e -7 8.29 e -9 
m 2.94 0.972 2.284 
 
Table 2. Deviation and percent increase in subsequent SOL. 
Single Over Load 
Crack 
length CAL 
OLR= 1.2 
Ol/Ul=1.2 Difference     
"a" 
mm 
Ncal Nsol Nsol-Ncal ǻN 
% 
increase 
in life 
20.00 0 0 0 _ _ 
22.50 583 583 0 _ _ 
25.00 1073 1073 0 _ _ 
27.50 1493 1493 0 _ _ 
30.00 1857 1857 0 _ _ 
32.00 2177 2306 129 _ _ 
35.00 2462 2706 244 115 4.9 
37.50 2717 3064 347 103 3.8 
40.00 2947 3388 441 94 3.1 
42.50 3156 3682 526 85 2.5 
45.00 3347 3952 605 79 2.1 
47.50 3522 4199 677 72 1.8 
50.00 3683 4428 745 68 1.6 
52.50 3833 4640 807 62 1.4 
55.00 3972 4838 866 59 1.3 
57.50 4102 5022 920 54 1.1 
60.00 4223 5195 972 52 1.03 
62.50 4337 5358 1021 49 0.94 
65.00 4443 5510 1067 46 0.85 
67.50 4544 5654 1110 43 0.78 
70.00 4639 5790 1151 41 0.73 
72.50 4729 5920 1191 40 0.69 
75.00 4814 6043 1229 38 0.64 
77.50 4895 6160 1265 36 0.59 
80.00 4972 6271 1299 34 0.54 
 
Table 3. Error calculation for different crack extensions. 
Δaŵŵ E;^K>Ϳ ŝĨĨĞƌĞŶĐĞEƉͲEĐ ƌƌŽƌ
Ϯ͘ϱϬͲϬϯ ϲϭϵϰ Ϭ Ϭ
ϭ͘ϮϱͲϬϯ ϲϭϬϮ ϵϮ Ϭ͘ϬϭϱϮϳϮϮϰ
ϯ͘ϮϱͲϬϰ ϲϬϱϳ ϰϱ ϳ͘ϰϳͲϬϯ
ϯ͘ϭϯͲϬϰ ϲϬϯϱ ϮϮ ϯ͘ϲϱͲϬϯ
ϭ͘ϱϲͲϬϰ ϲϬϮϰ ϭϭ ϭ͘ϴϯͲϬϯ
ϳ͘ϭϴͲϬϱ ϲϬϭϴ ϲ ϵ͘ϵϲͲϬϰ
ϯ͘ϵϭͲϬϱ ϲϬϭϱ ϯ ϰ͘ϵϴͲϬϰ
ϭ͘ϵϱͲϬϱ ϲϬϭϰ ϭ ϭ͘ϲϲͲϬϰ
ϵ͘ϳϳͲϬϱ ϲϬϭϯ ϭ ϭ͘ϲϲͲϬϰ
Table 4. Effect of stress range on cycles to failure. 
Δσ DWĂ > EĨ ^K> EĨ
ϯϯ͘ϯϯ ϵϱϭϳϰ ϭϮϬϯϮϯ
ϭϬϮ͘ϲϲ ϰϵϳϮ ϲϭϵϰ
ϭϯϯ͘ϯϯ ϭϲϭϲ ϯϴϲϴ
ϮϬϬ ϰϵϬ Ϯϰϲϳ
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
Fig. 1. Results of Rushton and Taheri’s Data [2]. 
If the initial crack size is selected as a1 =25mm, a2 =37.5mm and a3 =50mm the corresponding number of 
cycles to failure is obtained in Table 5. Invoking of various FCGR equations from constant amplitude loading 
models, which incorporate different parameters to measure the fatigue crack rates and retaining the Wheeler 
retardation factor intact a number of curves was obtained which appear below and above the curve pertaining 
the experimental data [4] as shown in Figure 2. It is noticed that the models which include stress intensity 
factors as rate measurer like Paris, Elber and Walker does show results below the experimental curve and lies 
in the vicinity of experimental data as compared to other models. On the other hand the models which include 
modulus of elasticity in addition to the SIFs, as rate measurer like MeCevily, Frost and Pook, and Forman 
exhibits the results above the experimental curve and are largely interspaced while as the former models are in 
good agreement with each other. Lastly the model which incorporates the J-integral in addition to SIF as rate 
measuring parameter like Dowling and Begley gives the highest number of cycles as Design Life for the 
material selected. The design life prediction using various constant amplitude loading equations in Wheeler 
Model was computed by the using FORTRAN(R) and MATLAB(R). 
Table 5.  Design life at different crack lengths 
a1 (25mm) a2 (37.5mm) a3 (50mm) 
1073 2717 3833 
2444 2180 2066 
2955 2473 2261 
3404 2741 2442 
3808 2987 2611 
4161 3214 2769 
4484 3424 2917 
4778 3619 3056 
5046 3800 3186 
5292 3969 3308 
5519 4127 3422 
5729 4275 3530 
5923 4413 3630 
 
Fig. 2. Results obtained on various FCGR equations in conjunction with Wheeler model for the design life. 
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Fig. 3. Sigmoid urve of fatigue crack growth. Fig. 4. FCGR with and without overloading. 
 
A typical ‘sigmoid’ curve is obtained as shown in Fig.3 and a plot for FCGR vs ǻK is drawn, for a specific 
stress ratio rPOL and ao. The models which include stress ratio ‘R’ would generate symmetrical but differently 
spaced sigmoid curves. The fatigue crack growth without overloading and without retardation parameter is 
exuberant as compared to the rate speculated with overload and with retardation parameter as shown in Fig.4. 
The FCGR is decelerated the instant an overload is applied at any flaw size as shown in Fig.5. With the 
application of SOL, the crack growth rate remarkably falls down by a factor of 104 in the present case. This 
impediment is revealed in Fig.5. As the crack length (or ǻK) advances the FCGR also enhances and at some 
crack length intercepts the original rate curve. A profile comparison between the experimental data curve from 
Pariera et al [11] and Improved Wheeler Model for the specimen is given in Fig.6. Both the results show a 
downward dent which then contours towards the original fatigue crack growth without SOL. The Wheeler 
exponent mw does effect the crack growth retardation as shown in Fig.7. As the Wheeler exponent reduces from 
1.6 to 1.0 a drastic variation is found to take place. Lesser the Wheeler exponent, higher is the FCGR 
 
Fig. 5. FCGR due to SOL using MWM. Fig. 6. Experimental data of Pariera, et al [1] and MWM. 
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Fig. 7. Effect of mw on crack growth retardation. 
• 6061-T6-Al-Alloy The FCGR is found to significantly decrease during the number of cycles which the 
crack spends in the overload plasticity range which is created as a consequence of single overload. Initially 
the FCGR decreases with the increase in ǻK while at a further increase in ǻK, there is an increase in growth 
rate. Fig.8 shows the retardation in fatigue growth rate. Fig.9 shows variation of FCGR with respect to the 
stress- ratios and Fig.10 indicates the Wheeler retardation effect. 
 
 
Fig. 8. Variation of FCGR due to SOL. Fig. 9. FCGR with respect to stress ratios. 
 
Fig. 10. Wheeler retardation effect in 6061- T6-Al alloy. 
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• 7075-T6 Al Alloy The FCGR was predicted for the material 7075-T6 Al Alloy with 80% overload at 13.3 
mm. The crack growth rate commences from 13 mm and spreads out linearly with increasing crack size up 
to a specific crack length ao = 13.3 mm where a single overload is applied Fig.11. At the point of application 
of SOL the FCGR dips down till a minima is reached. Now as the overload application is over the FCGR 
curve commences to step up again, followed by CAL and the rate curve (retarded) reaches to the state of 
growth as precedent CAL slope. Three overloads at crack lengths 13.8 mm, 15.4 mm and 19 mm have been 
applied the FCGR attained three downward spiky dents. All the three times FCGR is retarded and depleted 
to a remarkable extent but the rate regains till the original slope of growth is attained. The rate is delayed 
and the life is increased. A spike hump is produced which appears virtually a mirror image of the overload 
effect. Figure 12 gives a graphical comparison of the CCM with Hudson and Dubensky’s experimental data 
[12-13]. 
 
Fig. 11. ‘da/dN’ Vs. ‘a’ for Al 7075-T6 with three spike OLs Fig. 12 Comparison of the CCM with Hudson[12] and Dubensky’s experimental data [13]. 
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